
CSE 6311: Practice Questions for Exam 3

General:
1. Suppose you are given a coin for which the probability of HEADS, say p, is unknown. How can you
use this coin to generate unbiased (i.e., Pr[HEADS] =Pr[TAILS] = 1/2) coin-flips? Give a scheme for
which the expected number of flips of the biased coin for extracting one unbiased coin-flip is no more
than 1/[p(1 - p)]. (Hint: Consider two consecutive flips of the biased coin.)

Randomized QuickSort: 
1. Consider  the random permutation P of  set  S induced by the level  order  traversal  of the tree T
corresponding to execution of Randomized QuickSort. Is P uniformly distributed over the space of all
permutations of the elements of set S?
2. Suppose you are required to generate a random permutation of size n. Assuming that you have access
to a source of independent and unbiased random bits  (say from a fair  coin), suggest a method for
generating random permutations of size n. Efficiency is measured in terms of both time and number of
random bits. What lower bounds can you prove for this task? (Hint: use the “Quicksort” paradigm.)

Min-Cut:
1.  Suppose  that  at  each  step  of  our  min-cut  algorithm,  instead  of  choosing  a  random  edge  for
contraction we choose two vertices at random and coalesce them into a single vertex. Show that there
are inputs on which the probability that this modified algorithm finds a min-cut is exponentially small.

2. Consider adapting the min-cut algorithm to the problem of finding an s-t min-cut in an undirected
graph. In this problem, we are given an undirected graph G together with two distinguished vertices
sand t. An s-t cut is a set of edges whose removal from G disconnects s from t; we seek an s-t cut of
minimum cardinality. As the algorithm proceeds, the vertex s may get amalgamated into a new vertex
as a result of an edge being contracted; . we call this vertex the s-vertex (initially the s-vertex is s
itself). Similarly, we have a t-vertex. As we run the contraction algorithm, we ensure that we never
contract an edge between the s-vertex and the t-vertex.

Show  that  there  are  graphs  in  which  the  probability  that  this  algorithm  finds  an  s-t  min-cut  is
exponentially small.

Markov, Chebyshev and Chernoff Inequalities: 

1. Given a positive integer k, describe a random variable X assuming only non-negative values, such
that Pr[X >= kE[X)) = 1/k. In other words, show that Markov inequality is tight.

2. Players A and B play chess often. A is a better player so the probability that she wins any given game
is 0.6,  independent  of all  other  games.  They decide to  play a  tournament  of n  games.  Bound the
probability that Alice loses the tournament using a Chernoff bound.

3. We have a standard six-sided die. Let X be the number of times that a 6 occurs over n throws of the
die. Let p be the probability of the event X >= n/4. Compare the best upper bounds on p that you can
obtain using Markov's inequality, Chebyshev's inequality, and Chernoff bounds.

4. Suppose you are given a biased coin that has Pr[HEADS) = p >= a, for some fixed a, without being
given any other information about p. Devise a procedure for estimating p by a value p' such that you



can guarantee that Pr[lp – p'| > p*epsilon) < delta, for any choice of the constants 0 < a, epsilon, delta
< 1. Let N be the number of times you need to flip the biased coin to obtain the estimate. What is the
smallest value of N for which you can still give this guarantee?

Occupancy Problems:
1. Suppose m balls  are  thrown into n bins.  Give the best  bound you can on m to ensure that  the
probability of there being a bin containing at least two balls is at least 1/2.


