
Shortest Path

1. [2 pt] Consider an undirected graph with n vertices, and m edges. Assume that the edges are 
of two types: m1 red edges and m2 green edges. Thus m = m1 + m2. The red edges have 
weight 1, and the green edges have weight 2. Design and analyze an efficient algorithm to 
compute single source shortest paths in such graphs.

2. [2 pt] Design and analyze an algorithm to find the second shortest path between two given
vertices u and v in any weighted undirected graph.

3. [2 pt] Design and analyze an algorithm to find the  third shortest path between two given
vertices u and v in any weighted undirected graph.

4. [ 2 pt] The diameter of a weighted undirected graph is defined as the length of the shortest
path between the pair of vertices that are the furthest apart. Design and analyze an efficient
algorithm to compute the diameter of a graph.

5. Design a small graph of 5 nodes that is not a tree, such that the minimum spanning tree is
always the same as the shortest path tree (no matter from which node you start the latter
algorithm).

6. [2 pt] Run the Dijkstra’s single source shortest path algorithm from vertex a on the following
graph. Show a sequence of diagrams in which the tree gradually grows.

Network Flow / Bipartite Matching
1. [1 pt] You are given an undirected graph with each edge having a capacity of  1 unit (i.e., a

maximum of 1 unit of water can flow in both directions). Suppose you ran the Ford-Fulkerson
algorithm between a pair of vertices s and t on this graph and it terminated with a final flow of
2. Which of the following is definitely incorrect?

1. The graph is possibly a cycle.
2. We need to remove at least 2 edges to disconnect the graph such that one piece contains

s and the other piece contains t.
3. There have to be two paths from s to t which do not share edges, though they may share

intermediate vertices.
4. There have to be two paths from s to t that neither share intermediate vertices nor edges.

2. [2 pts] Execute the Ford-Fulkerson algorithm on the following graph to compute the maximum
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flow from a to g.

3. [2 pts] Execute the Edmond-Karp algorithm on the following graph to compute the maximum
flow from a to g.

String Algorithms
1. [1 pt] Given two sequences of length m and n each, the best LCSS algorithm runs in 

1. O(nm) time and O(nm) space.
2. O(max{n, m}) time and O(max{n, m}) space.
3. O(nm) time and O(min{n, m}) space.
4. O(max{n, m}) time and O(min{n, m}) space.
5. O(min{n, m}) time and O(max{n, m}) space.

2. [1 pt] Given two sequences S1 and S2 of length n and m each such that S2 is  unary (i.e.,
contains repeats of only one character), an algorithm for computing the LCSS between S1 and
S2 can be designed to run in time

1. O(nm)
2. O(nlogn + mlogm)
3. O(n + m)
4. O(max{n, m})

3. [1 pt] The KMP algorithm requires the pre-computation of the prefix function. Given a pattern of
length m and any 1<=i<m, the value of prefix[i] can be computed in time

1. O(m)
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2. O(m*i)
3. O(i)
4. O(m+i)

4. [1 pt] In addition to storing the two strings of length n and m each, the KMP algorithm requires
extra space of size m to store the prefix function (where m is the length of  the pattern).
Suppose you are  only allowed O(1) extra storage space. Thus, you cannot compute and
store the prefix function. Nevertheless, under these restrictions a string matching algorithm can
be designed that runs in time

1. O(1)
2. O(n)
3. O(n+m)
4. O(nm)
5. O(nm2)

5. [3 pt] Compute the prefix function on the following pattern:

A B A A B A A B A B B A B A

6. [ 3 pt] Compute the LCSS between the following two strings. Show the matrix constructed by
dynamic programming, and complete all cells of the matrix.

A B A A

A B B C A

7. [3  pt]  Suppose  you  have  been  given  two  sequences  of  length  m  and  n  each.  Define
unary-LCSS as the longest common substring between the two strings such that the substring
contains only one kind of  character.  For  example,  the unary-LCSS of  ABBAACDD and
AABABACCDA is AAA.
Design an algorithm for computing the unary-LCSS between two strings. What is the running
time of your algorithm?

8. [3 pt] Suppose you are given a  binary string (i.e. a string of only 0’s and 1’s). Design an
algorithm that will compute the longest increasing subsequence in the string (i.e. the longest
subsequence of 0’s followed by 1’s). What is the running time of your algorithm?

Computational Geometry
1. Design a polynomial algorithm for computing an optimal vertex cover for graphs that are trees.
2. Design an algorithm for detecting if a given set of points are in clockwise order.
3. Given N points and a number X, design an algorithm to detect a set of X points such that their 

convex hull has the smallest perimeter. Note that no three points are on the same line.
4. Given N points where no two points have the same x coordinate or same y coordinate, find an 

equation of a line such that N/2 points stay on left side of the line and the other N/2 stay on the 
right side. You can assume that N is even.

NP-Completeness
1. The vertex-cover problem and the clique problem are complimentary in the sense that the 

complement of an optimal vertex cover corresponds to a maximum clique in the complement 
graph. We also know that the vertex cover problem has an approximation algorithm with a 
constant approximation ratio. Does that mean that there is an approximation algorithm for the 
clique problem with a constant approximation ratio? Justify your answer. 

2. Answer true or false to the following questions, and give proofs: 



• A problem X is NP-Complete if for all problems Y in NP, X ≤P Y 
• If problem X is polynomially reducible to Y and Y is polynomially reducible to Z, then X is 

polynomially reducible to Z 
• 1-SAT is in P 
• 2-SAT is in NP 

3. Given an algorithm A for the decision version of the Maximum Independent Set problem, 
design an algorithm B to compute the size of the maximum independent set that uses A as a 
subroutine. If A takes time T(n, m) where the graph has n vertices and m edges, what is the 
running time of B? 

4. Given two graphs G and G’, the Subgraph Isomorphism problem seeks to determine whether G’
is a subgraph of G if we are allowed to relabel the vertices of G’ but make no other changes to 
its structure. Prove that the Subgraph Isomorphism problem is NP-complete. 

5. Show that the Maximum Independent Set problem is NP-Complete by reducing from Vertex 
Cover. Likewise, prove in the reverse direction, i.e. that Vertex Cover is NP- Complete by a 
reduction from Maximum Independent Set. 

6. Recall that a bipartite graph is one which has two sets of vertices, and edges only exist between 
vertices in each set. Prove that the clique problem is not NP-complete for such graphs.

7. Solve problem 35.2-3 from the book.

8. Solve problem 35.2-5 from the book.


